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which is deﬁned as a linear combination of the coefﬁcients of independent self-stress modes. A discussion
on proper division of the number ofmember groups for the purpose of existence of a single integral feasible
self-stressmode has been explicitly given. Dummyelements to transform the tensegrity grid structurewith
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The tensegrity structures ﬁrst proposed by Fuller (1975) have
been developed in recent years due to their innovative forms, light-
weight and deployability. They belong to a class of free-standing
pre-stressed pin-jointed cable-strut system where contacts are al-
lowed among the struts (Wang, 2004). The process of determining
shapes and self-stress states of tensegrity structures is called form-
ﬁnding. As a pioneering work of form-ﬁnding, so-called force den-
sity method was proposed by Schek (1974) for form-ﬁnding of ten-
sile structures. Motro et al. (1986) presented the dynamic
relaxation which has been reliably applied to tensile structures
(Barnes, 1999) and many other non-linear problems. Vassart and
Motro (1999) then employed the force density method in symbolic
form for searching new conﬁgurations. Recently, Masic et al. (2005),
Zhang and Ohsaki (2006) and Estrada et al. (2006) developed new
numerical methods using a force density formulation. Micheletti
and Williams (2007) used a marching procedure for ﬁnding stable
placements of a given tensegrity, and Zhang et al. (2006a) employed
a reﬁned dynamic relaxation procedure for form-ﬁnding of nonreg-
ular tensegrity systems. Most recently, Rieffel et al. (2009) intro-
duced an evolutionary algorithm for producing large irregular
tensegrity structures. Tran and Lee (2010a) proposed an advanced
form-ﬁnding for tensegrity structures based only on topology and
types of members, i.e., either tension or compression. The most re-
cent review related to this problem can be found in Tibert and Pel-
legrino (2003) and Juan and Tur (2008).ll rights reserved.
: +82 2 3408 3331.Distribution of member forces at the self-equilibrium state, i.e.,
prestresses introduced into the members, greatly contributes to
the stiffness and stability of tensegrity grid structures. The process
of determination of member forces for the structure with given
shape is called initial force or initial self-stress design (forceﬁnding).
The prestresses should be assigned considering the stress unilateral
property of the members; i.e., cables and struts must be under ten-
sion and compression, respectively. Inmost of the existingmethods,
the shape and member forces of the tensegrity structure are to be
determined simultaneously to discover novel shapes in view of aes-
thetic and mechanical properties. So far only a few researches have
been carried out for determination of the stress distribution to
appropriately stabilize the structure with speciﬁed shape consider-
ing stress unilateral properties of the cables and struts. Quirant et al.
(2003) and Quirant (2007) presented the application of linear pro-
grammation in search of feasible self-stressmodeswhich constitute
a convex polyhedral cone without considering the stability of the
tensegrity grids. Moreover, this method is soon limited in complex
case. Sanchez et al. (2007) proposed strategy to identify and localize
self-stress modes in a modular tensegrity grid more pertinently.
However, in practice a speciﬁc integral feasible self-stress state for
tensegrity grid system is favorable to designers.
Since the tensegrity grid structuresusually have several indepen-
dent self-stress modes, the member forces are deﬁned as the linear
combination of these self-stress modes which are derived not only
from the geometry of the tensegrity grid structure itself but also
from the statically indeterminate foundation constraints. These
statically indeterminate foundation constraints cause additional
stresses which are known as exostresses in Sanchez et al. (2007) to
some members in the structure. Hence, some additional self-stress
modes are generated. However, the computation of the vector bases
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to exploit. Because these vector bases resulting from null space of
equilibrium matrix do not satisfy the unilateral behavior of ele-
ments. As a consequence, the determination of the suitable initial
stresses distribution accounting for the exostresses due to imposing
the statically indeterminate foundation constraints is a key point for
a tensegrity grid design. Once the distribution and intensity of the
initial stresses have been chosen, the mechanical behavior of the
structure is investigated as the next step.
In this paper, a complete procedure is presented for initial sin-
gle integral feasible self-stress design of tensegrity grid structures
with the exostresses by consecutively solving two linear homoge-
neous systems. The ﬁrst one is self-equilibrium, and the other is a
combination of the independent self-stress modes and the con-
straints on force densities which are derived from symmetric prop-
erties of the tensegrity grid structures and/or directly assigned by
designers. Dummy elements to transform the tensegrity grid struc-
ture with statically indeterminate supports into self-stressed pin-
jointed system without supports are employed. The unilateral
properties of the stresses in cables and struts are automatically sat-
isﬁed without using any additional constraints on the signs of force
densities of either cables or struts (i.e., positive for cables and neg-
ative for struts) as previous works (Quirant et al., 2003; Quirant,
2007). A discussion on proper division of number of member
groups for the purpose of existence of the single integral self-stress
mode has been explicitly given. The evaluation of the stability of
the tensegrity grid structures is also considered.
2. Formulation of self-equilibrium equations
2.1. Fundamental assumptions
In this study, the following assumptions are made in the tenseg-
rity grid structures:
 The geometry of the structure in terms of nodal coordinates is
known.
 Members are connected by pin joints.
 External loads and the self-weight of the structure are neglected
in the proposed design procedure.
 There are no dissipative forces acting on the system.
 Both local and global buckling are not considered.
2.2. Force density method for the free-standing and self-equilibrium
tensegrity grid structures
For a d-dimensional (d = 2 or 3) tensegrity structure with b
members, n free nodes and nf ﬁxed nodes (supports), its topology
can be expressed by a connectivity matrix Cs ð2 Rbðnþnf ÞÞ as dis-
cussed in Motro (2003) and Tran and Lee (2010a). Suppose mem-
ber k connects nodes i and j (i < j), then the ith and jth elements
of the kth row of Cs are set to 1 and 1, respectively, as follows:
Csðk;pÞ ¼
1 for p ¼ i
1 for p ¼ j
0 otherwise
8><
>: ð1Þ
If the free nodes are numbered ﬁrst, then to the ﬁxed nodes, Cs can
be divided into two parts as
Cs ¼ ½C Cf  ð2Þ
where C ð2 RbnÞ and Cf ð2 Rbnf Þ describe the connectivities of the
members to the free and ﬁxed nodes, respectively. Let x; y; z ð2 RnÞ
and xf ; yf ; zf ð2 Rnf Þ denote the nodal coordinate vectors of the free
and ﬁxed nodes, respectively, in x-, y- and z-directions. For a two-
dimensional four-module tensegrity beam assembled from basicSnelson’s X as shown in Fig. 1a, which consists of 21 members
(b = 21, 13 cables and eight struts) and 10 nodes including six free
nodes (n = 6) and four ﬁxed nodes (nf = 4), the connectivity matrix
Cs ð2 R2110Þ is given in Table 1.
The equilibrium equations of the free nodes in each direction of
a general pin-jointed structure given by Schek (1974) can be stated
as
CTdiagðqÞCxþ CTdiagðqÞCfxf ¼ px ð3aÞ
CTdiagðqÞCy þ CTdiagðqÞCfyf ¼ py ð3bÞ
CTdiagðqÞCzþ CTdiagðqÞCf zf ¼ pz ð3cÞ
where px; py and pz ð2 RnÞ are the vectors of external loads applied
at the free nodes in x-, y- and z-directions, respectively. The symbol,
()T, denotes the transpose of amatrix or vector. And diagðqÞ ð2 RbbÞ
is diagonal square matrix of q ð2 RbÞ which is the force density
vector as suggested in Schek (1974), deﬁned by
q ¼ fq1; q2; . . . ; qbgT ð4Þ
in which each component of this vector is the force fk to length lk
ratio qk = fk/lk (k = 1,2, . . . ,b) known as force density or self-stressed
coefﬁcient in Vassart and Motro (1999).
When external load and self-weight are ignored, the tensegrity
grid system does not require any ﬁxed nodes (supports). Its geom-
etry can be deﬁned by the relative position of the nodes. That is,
the system can be considered as a free-standing rigid-body in
space (Motro, 2003; Tran and Lee, 2010a). In this context, Eq. (3)
becomes:
Dx ¼ 0 ð5aÞ
Dy ¼ 0 ð5bÞ
Dz ¼ 0 ð5cÞ
where D ð2 RnnÞ known as the force density matrix (Tibert and Pel-
legrino, 2003; Estrada et al., 2006) or the stress matrix (Connelly,
1982; Connelly and Terrell, 1995; Connelly, 1999) is given by
D ¼ CTdiagðqÞC ð6Þ
On the other hand, by substituting Eq. (6) into (5), the self-equilib-
rium equations of the tensegrity grid structures can also be reorga-
nized as
Aq ¼ 0 ð7Þ
where A ð2 RdnbÞ is known as the equilibrium matrix in Motro
(2003), Tran and Lee (2010a), deﬁned by
A ¼
CTdiagðCxÞ
CTdiagðCyÞ
CTdiagðCzÞ
0
B@
1
CA ð8Þ
Eq. (7) which is obviously linear homogeneous system of the
self-equilibrium equations shows the relation between projected
lengths in x-, y- and z-directions, respectively, and force densities.
2.3. Tensegrity grid structures with the exostresses caused by the
statically indeterminate foundation constraints
Let kc and rb (=d(d + 1)/2) denote the number of foundation con-
straints and the number of independent rigid-body motions of d-
dimensional (d = 2 or 3) self-equilibrium tensegrity grid structures,
respectively. Two different kinds of foundation constraints (sup-
ports) are usually involved in the structure: (i) statically determi-
nate foundation constraints, where kc = rb, represent they are
only used for eliminating the rigid-body motions of the structure;
and (ii) statically indeterminate foundation constraints, where
kc > rb. In this case, the statically indeterminate foundation con-
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Fig. 1. (a) The two-dimensional four-module Snelson’s X tensegrity beam with the statically indeterminate foundation constraints causing the exostresses to some members
in x- and y-directions, (b) its free body diagram, and (c) its equivalent free-standing self-stressed structure with dummy elements 22, 23, 24 and 25 to remove the statically
indeterminate supports.
Table 1
The incidence matrix of the 2-D four-module Snelson’s X tensegrity beam.
Member/node Cs
C Cf
1 2 3 4 5 6 7 8 9 10
1 1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0 0 1 0
3 1 0 1 0 0 0 0 0 0 0
4 0 0 1 0 1 0 0 0 0 0
5 0 1 0 0 0 0 0 1 0 0
6 0 0 0 0 0 1 0 0 0 1
7 0 1 0 1 0 0 0 0 0 0
8 0 0 0 1 0 1 0 0 0 0
9 0 0 0 0 0 0 1 1 0 0
10 0 0 0 0 0 0 0 0 1 1
11 1 1 0 0 0 0 0 0 0 0
12 0 0 0 0 1 1 0 0 0 0
13 0 0 1 1 0 0 0 0 0 0
14 0 1 0 0 0 0 1 0 0 0
15 1 0 0 0 0 0 0 1 0 0
16 0 0 0 0 1 0 0 0 0 1
17 0 0 0 0 0 1 0 0 1 0
18 1 0 0 1 0 0 0 0 0 0
19 0 1 1 0 0 0 0 0 0 0
20 0 0 1 0 0 1 0 0 0 0
21 0 0 0 1 1 0 0 0 0 0
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but also to provide (kc  rb) internal constraints to the structure.
Moreover, especially in the static sense, these statically indetermi-
nate foundation constraints may cause the exostresses to somemembers of the structure. The possibility of having nonzero reac-
tion forces in the absence of external loads and self-weight means
that the system admits initial forces and becomes statically inde-
terminate. In other words, in the case of the statically indetermi-
nate foundation constraints, forces in some elements can occur in
association with nonzero unknown reaction forces at the supports.
Consequently, some additional self-stress modes may be created
by imposing these statically indeterminate foundation constraints
on the tensegrity grid system. This paper concerns only the static
effects of the statically indeterminate symmetric foundation con-
straints on the self-stress modes of the tensegrity grid system,
while the kinematic effects are out of interest.
For instance, a two-dimensional free-standing four-module
Snelson’s X tensegrity beam (Fig. 1a, but without any support) pos-
sesses four independent self-stress modes which correspond to its
four independent modules. It is now ﬁxed by the hinge supports at
nodes 7–10 symmetrically located as shown in Fig. 1a, which can
cause symmetric nonzero unknown reaction forces. All the founda-
tion constraints of the system are eight (kc = 8) by counting, which
is clearly the case of the statically indeterminate symmetric foun-
dation constraints (the foundation constraints of the statically
determinate case are three for two-dimensional structures); and
the number of rigid-body motions of the system are three
(rb = 3). Fig. 1b shows its free body diagram in which four couples
of symmetric possible nonzero unknown reaction forces (i.e., Rx1,
Rx2, Ry1 and Ry2 in both x- and y-directions) are employed to re-
move all the foundation constraints in the absence of external
loads and self-weight. It seems that ﬁve dummy elements may
be needed to provide ﬁve (kc  rb = 5) internal constraints to the
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ally appear in symmetric couples to keep the system in the equilib-
rium state. Accordingly, only four dummy elements 22–25 are
used to replace four couples of symmetric possible nonzero un-
known reaction forces caused by the statically indeterminate sup-
ports as shown in Fig. 1c. On the other hand, for veriﬁcation
purpose a 5th dummy element which connects nodes 7 and 10
or, alternatively, nodes 8 and 9 is added. Its stress is found to be
identically zero, which means that there is no reaction force in this
dummy element’s direction. There now exist four additional vari-
ables of the reaction forces compared with its free-standing case
need to be deﬁned together with the force densities of all members
while the number of self-equilibrium equations of the structure re-
mains the same. This implies four additional exostress modes cor-
responding to these four additional variables of the reaction forces
can be appeared. At this point, the structure totally has eight inde-
pendent self-stress modes.
The couple of unknown reaction forces Rx1 can now be substi-
tuted by a dummy element 22 (which connects nodes 7 and 9,
and coincides with members 1–4) whose unknown force density
is q22 (=Rx1/l22). Similarly, three other couples of unknown reaction
forces Rx2, Ry1 and Ry2 can also be substituted by the three dummy
elements 23, 24 and 25 (which connect nodes 8 and 10, nodes 7
and 8, and nodes 9 and 10, and coincide with members 5–8, mem-
ber 9 and member 10, respectively) whose unknown force densi-
ties are q23 (=Rx2/l23), q24 (=Ry1/l24) and q25 (=Ry2/l25), respectively.
In other words, by using the concept of dummy elements, the
tensegrity grid structure with statically indeterminate supports
can be converted into a free-standing self-stressed structure
(Zhang et al., 2006b; Tran and Lee, 2010b) without supports as
shown in Fig. 1c where thin, thick and dashed lines represent the
cables, struts and dummy elements, respectively. The connectivity
matrix C ð2 R2510Þ of the equivalent free-standing self-stressed
structure in Fig. 1c is given in Table 2. After implementation of ini-
tial self-stress design using the proposed method, the dummy ele-
ments will be removed to transform the four nodes 7–10 back to
the supports.Table 2
The incidence matrix of the equivalent free-standing self-stressed structure (Fig. 1c)
with dummy elements 22–25 to remove the statically indeterminate supports.
Member/node C
1 2 3 4 5 6 7 8 9 10
1 1 0 0 0 0 0 1 0 0 0
2 0 0 0 0 1 0 0 0 1 0
3 1 0 1 0 0 0 0 0 0 0
4 0 0 1 0 1 0 0 0 0 0
5 0 1 0 0 0 0 0 1 0 0
6 0 0 0 0 0 1 0 0 0 1
7 0 1 0 1 0 0 0 0 0 0
8 0 0 0 1 0 1 0 0 0 0
9 0 0 0 0 0 0 1 1 0 0
10 0 0 0 0 0 0 0 0 1 1
11 1 1 0 0 0 0 0 0 0 0
12 0 0 0 0 1 1 0 0 0 0
13 0 0 1 1 0 0 0 0 0 0
14 0 1 0 0 0 0 1 0 0 0
15 1 0 0 0 0 0 0 1 0 0
16 0 0 0 0 1 0 0 0 0 1
17 0 0 0 0 0 1 0 0 1 0
18 1 0 0 1 0 0 0 0 0 0
19 0 1 1 0 0 0 0 0 0 0
20 0 0 1 0 0 1 0 0 0 0
21 0 0 0 1 1 0 0 0 0 0
22, dummy element 0 0 0 0 0 0 1 0 1 0
23, dummy element 0 0 0 0 0 0 0 1 0 1
24, dummy element 0 0 0 0 0 0 1 1 0 0
25, dummy element 0 0 0 0 0 0 0 0 1 13. Initial self-stress design process
3.1. A single integral feasible self-stress mode
In order to solve the linear homogeneous system (Eq. (7)), the
singular value decomposition (SVD) (Meyer, 2000) is carried out
on the equilibrium matrix A:
A ¼ UVWT ð9Þ
where U ð2 RdndnÞ ¼ ½u1 u2    udn and W ð2 RbbÞ ¼ ½w1 w2   
wb are the orthogonal matrices. V ð2 RdnbÞ is a diagonal matrix
with non-negative single values of A in decreasing order as
r1 P r2 P   P rb P 0 ð10Þ
It is known (Pellegrino, 1993) that the bases of vector spaces of
mechanisms and force densities of any tensegrity grid structure are
calculated from the null space of the equilibrium matrix. In this
case, the matrices U and W from Eq. (9) can be expressed, respec-
tively, as
U ¼ ½u1 u2    urA jm1    mm ð11aÞ
W ¼ ½w1 w2    wrA jq1    qs ð11bÞ
where the vectorsmi 2 Rdn (i = 1,2, . . . ,m) denotem (=dn  rA) inex-
tensional mechanisms including both possible internal mechanisms
and rigid-body motions, while the vectors qj 2 Rb (j = 1,2, . . . ,s) are s
independent modes of self-stress which satisfy the linear homoge-
neous Eq. (7). The number of independent modes of self-stress s is
deﬁned as
s ¼ b rA ð12Þ
where rA = rank(A). Let q ð2 RbÞ denote the integral feasible self-
tress mode. According to the values of s, there are two cases:
Case 1. s = 1, the vector q1, which automatically satisﬁes not
only the linear homogeneous Eq. (7) but also the condition of
cables under tension and struts under compression, is indeed
the single integral feasible self-stress mode.
Case 2. s > 1, the integral feasible self-stress mode q can then be
expressed as a linear combination of s independent self-stress
modes:q ¼ c1q1 þ c2q2 þ    þ csqs ð13Þ
Let c ¼ fc1; c2; . . . ; csgT ð2 RsÞ denote the coefﬁcient vector of s
independent self-stress modes. Eq. (13) can be simpliﬁed asq ¼ Sc ð14Þ
where S ð2 RbsÞ is the matrix of self-stress basis modes deﬁned
byS ¼ ½q1q2   qs ð15Þ
The self-stress basis modes S resulting from the null space of the
equilibrium matrix A cannot be employed directly since every
independent mode itself does not satisfy the unilateral behavior
of members. In other words, this is because the equilibrium ma-
trix A does not take into account member characteristics.
In practical situations, the tensegrity grid system usually has
symmetric properties, i.e. invariance conditions to reﬂection with
respect to some planes and/or rotation around some axes. There-
fore, the same force densities should be assigned to the symmetri-
cally located members. In other words, based on the geometric
symmetry of the tensegrity grid structure, members at symmetri-
cally positions are considered to belong to the same group and
have the same force density. Let h denote the number of groups
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as
q¼fq1 q1 q1    qi qi qi    qh qh qhgT ¼
1 0 0 0 0
1 0 0 0 0
..
.
1 0 0 0
..
.
1 0 0 0
0 ..
.
1 0 0
0 ..
.
1 0 0
0 0 ..
.
1 ..
.
0 0 ..
.
1 ..
.
0 0 0 ..
.
1
0 0 0 ..
.
1
2
6666666666666666666666664
3
7777777777777777777777775
ðbhÞ
q1
..
.
qi
..
.
qh
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
ðh1Þ
ð16Þ
Eq. (16) can be rewritten as
q ¼ ½e1    ei    ehfq1    qi    qhgT ð17Þ
where qi is the force density of members in the ith group;
fq1    qi    qhgT ð¼ qhÞ 2 Rh is the force density vector of h groups;
and ei ð2 RbÞ is the basis vector composed of a unit in the ith group
and zero in the other (h  1) groups.
Eq. (13) is substituted by (17) and re-arranged into the follow-
ing form:
q1c1 þ q2c2 þ    þ qscs þ ðe1q1Þ þ    ðeiqiÞ    þ ðehqhÞ
¼ 0 ð18Þ
Let c ð2 RðsþhÞÞ is the vector of the coefﬁcients of s independent self-
stress modes and the force densities of h groups denoted as
c ¼ fc1; c2; . . . ; cs; q1; . . . ; qi; . . . ; qhgT . Eq. (18) can be rewritten in a
matrix form:
Sc ¼ 0 ð19Þ
where S ð2 RbðsþhÞÞ is a matrix computed by
S ¼ ½q1q2   qs  e1     ei     eh ð20Þ
For the free-standing four-module Snelson’s X tensegrity beam
(Fig. 1a, but without any support) and the one with supports
(Fig. 1a) whose member groups are listed in Tables 4 and 6, the(
(
Fig. 2. Graphical illustration of constructing matrix S: (a) the 2-D free-standing four-mod
beam with four hinge supports causing the exostresses to some members in x- and y-dconstruction of their matrices S can be brieﬂy illustrated in
Fig. 2a and b, respectively. It should be noted that linear relations
on force densities between two groups can be directly assigned as
qi ¼ aqj ði–jÞ ð21Þ
where qi, qj and a are the force density coefﬁcients of member
groups i, j and a speciﬁed value, respectively. In this case, substitut-
ing Eq. (21) into (18), Eq. (19) will be updated by a new version of
vector c as well as matrix S, and the force density variables of mem-
ber groups can be reduced by these linear relations.
Similarly, the set of all solutions to the linear homogeneous sys-
tem of Eq. (19) lies in the null space of S. Let nS denote dimension
of this null space which is computed by
nS ¼ ðsþ hÞ  rS ðsþ h 6 bÞ ð22Þ
where rS ¼ rankðSÞ. For a given tensegrity grid structure assembled
from elementary module, the number of independent self-stress
modes s is always greater than one; and the number of groups h
is dependent on symmetric properties. However, usually their
sum is less or equal to the number of members (s + h 6 b). There-
fore, only this case is considered in this paper. Depending on the va-
lue of nS, there are also the following two cases:
Case 1. nS ¼ 1, Eq. (19) has a single nontrivial solution ðc– 0Þ.
That is, the tensegrity grid structure possesses a single integral
self-stress mode. It satisﬁes not only the self-equilibrium condi-
tion but also the condition of symmetry derived by the geomet-
ric shape of the tensegrity grid. Moreover, this single integral
self-stress mode automatically satisﬁes the condition of cables
under tension and struts under compression, which can be con-
sidered as the beneﬁt of the single solution of the linear homo-
geneous Eq. (19) for tensegrity grid structure. Accordingly, it is
a single integral feasible self-stress mode.
Case 2. (i) nS ¼ 0; and (ii) nS > 1. For nS ¼ 0, Eq. (19) has no non-
trivial solution. It implies that group division for members does
not consist with the conﬁguration of the tensegrity grid struc-
ture. In other words, the tensegrity grid is not in self-equilib-
rium with such geometric symmetry. In order to get unique
nontrivial solution as Case 1, the number of member groups
should be correctly increased until nS becomes 1. For nS > 1,
Eq. (19) has more than one nontrivial solution; i.e., there are
multiple integral self-stress modes for tensegrity grid. In this
case, a single nontrivial solution (like Case 1) may exist if the
number of member groups is appropriately decreased until nS
becomes 1.a)
b)
ule Snelson’s X tensegrity beam and (b) the 2-D four-module Snelson’s X tensegrity
irections (note that its equivalent model is shown in Fig. 1c).
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SVD on matrix S is employed:
S ¼ UVWT ð23Þ
The matrices Uð2 RbbÞ; Vð2 RbðsþhÞÞ and Wð2 RðsþhÞðsþhÞÞ are simi-
larly deﬁned as matrices U, V and W described above. If the null
space of matrix S exists, i.e. nS P 1, the following equation can be
obtained:
S wi ¼ 0 ði ¼ rS þ 1;    ; sþ hÞ ð24Þ
Eq. (24) also means wi are the solution of c. The number of integral
independent self-stress modes of the tensegrity grid system which
satisfy symmetric shape condition are s ¼ nS. Note that the (s + 1)th
to (s + h)th component of c are the force densities of h groups which
satisfy the condition that the members in the same group have the
same force density.
In this paper, only Case 1 ðs ¼ nS ¼ 1Þ is considered. If a given
tensegrity grid structure falls into Case 2, it will be converted into
Case 1 by appropriately increasing or decreasing its number of
member groups. Once c is known, the single integral feasible
self-stress force density vector q can be obtained from the last h
variables of c or from Eq. (13). The initial self-stress force vector
f ð2 RbÞ of b members is given by
f ¼ Lq ð25Þ
where L ð2 RbbÞ is a diagonal square length matrix of the b mem-
bers, i.e., L = diag(l); and l ð2 RbÞ is the self-stressed length vector of
the b members, and its kth term is computed by
lk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lxk
 2 þ lyk 2 þ lzk 2q ðk ¼ 1;2; . . . ; bÞ ð26Þ
in which lxk ð¼ lxÞ; lyk ð¼ lyÞ and lzk ð¼ lzÞ 2 Rb (k = 1,2, . . . ,b) denote
the coordinate difference vectors of the b members in x-, y- and z-
directions, respectively, which are calculated from
lx ¼ Cx ð27aÞ
ly ¼ Cy ð27bÞ
lz ¼ Cz ð27cÞ3.2. Evaluation of stability
Let G ð2 Rbdðdþ1Þ=2Þ denote the geometry matrix, determined
only by the connectivity and nodal coordinates of the structure as
G ¼ ½L
xlx Lyly Lzlz Lxly Lxlz Lylz if d ¼ 3
½Lxlx Lyly Lxly if d ¼ 2
(
ð28Þ
where Lx ð¼ diagðlxÞÞ; Ly ð¼ diagðlyÞÞ and Lz ð¼ diagðlzÞÞ ð2 RbbÞ
are diagonal square matrices of lx, ly and lz, respectively.
In order to evaluate the stability of the tensegrity grid struc-
tures, the geometry matrix G and the force density matrix D need
to be investigated ﬁrst. There are also two cases to be considered:
Case 1. The structure is super stable regardless of material
properties and level of force density coefﬁcients (Zhang and
Ohsaki, 2007) if the following equations are satisﬁed:rG ¼ dðdþ 1Þ2 ð29aÞ
n rD P dþ 1 ð29bÞ
dTðKGÞdP 0 ð29cÞ
where rG = rank(G), rD = rank(D); and KG (=Id  D) is the geomet-
rical stiffness matrix induced by pre-stressed or self-stressed
state. Id ð2 RddÞ and  are the unit matrix and tensor product,
respectively. Eq. (29a) indicates that the rank of the geometrymatrix G must be d(d + 1)/2 for a d-dimensional structure; i.e.,
it must equal to three or six for two or three-dimensional struc-
ture, respectively. If it is less than d(d + 1)/2, then there exist
nontrivial afﬁne motions in the null space of KG (Zhang and
Ohsaki, 2007). The second condition (Eq. (29b)) requires the
force density matrix D has at leat the minimum rank deﬁciency
d + 1. If it is not satisﬁed, the structure cannot be in a self-equi-
librium state in the d-dimensional space. Hence, these two must
be satisﬁed before further investigating the stability of the struc-
ture. While the last one (Eq. (29c)) needs the quadratic form of
KG to be positive semi-deﬁnite with respect to any nontrivial
motion d. In other words, it requires D to be positive semi-def-
inite. It should be noted that in this case the tensegrity grid
structures may be become neutrally stable if all cables are re-
placed by appropriate zero-free-length springs as discussed in
Schenk et al. (2007).
Case 2. Eqs. (29a,b) are satisﬁed but Eq. (29c). That is, there is no
nontrivial afﬁne motion in the null space of KG and the force
density matrix D has at least the minimum rank deﬁciency.
However, D is not positive semi-deﬁnite, the proposed initial
self-stress design procedure will evaluate the tangent stiffness
matrix of the tensegrity grid structure which is given in Mura-
kami (2001), Guest (2006) and Ohsaki and Zhang (2006, 2007)
as follows:
KT ¼ KE þ KG ð30Þ
where
KE ¼ Acdiag ekaklk
 
ATc ð31Þ
in which KE is the linear stiffness matrix; ek (=e) and
ak ð¼ aÞ 2 Rb (k = 1,2, . . . ,b) denote the vectors of Young’s mod-
uli and cross-sectional areas of the b members of the tensegrity
grid structure, respectively; and Ac ð¼ AL1Þ 2 Rdnb is the direc-
tion-cosine matrix of the members connecting to the joint. If the
tangent stiffness matrix is positive deﬁnite, then the structure is
stable when its rigid-body motions are constrained; i.e., the qua-
dratic form of KT is positive with respect to any nontrivial mo-
tion d as
dTðKTÞd > 0 ð32Þ
or 2 3
eigðKTÞ ¼ k1P k2P   P kdnrb > 0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
positive stiffness
k1 ¼ k2 ¼   ¼ krb ¼ 0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
rigid-body motions
64 75
ð33Þ
Using this criterion, stability of any pre-stressed or tensegrity
grid structure can be controlled by checking eigenvalues of its
tangent stiffness matrix (Murakami, 2001; Ohsaki and Zhang,
2006; Zhang and Ohsaki, 2007).
3.3. Evaluation of design
Since the tensegrity grid structure should satisfy the self-equi-
librium conditions, the vector of unbalanced forces ef ð2 RdnÞ de-
ﬁned as follows can be used for evaluating the accuracy of the
results:
ef ¼ Aq ð34Þ
The Euclidean norm of ef is used to deﬁne the design error  as
 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ef ðef ÞT
q
ð35Þ
The initial self-stress force vector f for the tensegrity grid structures
can be deﬁned by the proposed design process through the follow-
ing procedure.
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 Step 1: Convert the tensegrity grid structure with statically
indeterminate supports into the equivalent free-standing self-
stressed structure.
 Step 2: Deﬁne C by Eq. (1) for the given geometry. Then deter-
mine A by Eq. (8).
 Step 3: Perform Eq. (9) to deﬁne S through Eq. (15). If s = 1, q is
q1, go to step 7.
 Step 4: Calculate S from Eq. (20) and nS from Eq. (22).
 Step 5:
1. If nS ¼ 1, go to Step 6.
2. If nS ¼ 0, increase the number of member groups h and
deﬁne S from Eq. (20), nS from (22) repeatedly until nS
becomes 1.
3. If nS > 1, decrease the number of member groups h and
deﬁne S from Eq. (20), nS from (22) repeatedly until nS
becomes 1.
 Step 6: Deﬁne c by Eq. (23). Extract c and qh from c. Compute q
by Eq. (14) or (17).
 Step 7: Check Eq. (35) to conﬁrm that the tensegrity grid struc-
ture is in self-equilibrium.
 Step 8: Deﬁne D with q by Eq. (6). If Eq. (29) is satisﬁed, the
structure is super stable. If Eqs. (29a,b) are satisﬁed but Eq.
(29c), specify material property and force density coefﬁcient
for each member based on single integral feasible force density
vector q found until Eq. (33) has been checked.Sc ¼
0:2754 0:0412 0:1549 0:2647 1 0 0 0 0 0 0 0
0:0633 0:3926 0:0928 0:0694 1 0 0 0 0 0 0 0
0:0261 0:0916 0:3951 0:1070 0 1 0 0 0 0 0 0
0:2957 0:0204 0:0204 0:2973 0 1 0 0 0 0 0 0
0:2754 0:0412 0:1549 0:2647 1 0 0 0 0 0 0 0
0:0633 0:3926 0:0928 0:0694 1 0 0 0 0 0 0 0
0:0261 0:0916 0:3951 0:1070 0 1 0 0 0 0 0 0
0:2957 0:0204 0:0204 0:2973 0 1 0 0 0 0 0 0
0:2754 0:0412 0:1549 0:2647 0 0 1 0 0 0 0 0
0:0633 0:3926 0:0928 0:0694 0 0 1 0 0 0 0 0
0:3015 0:0504 0:2402 0:3717 0 0 0 1 0 0 0 0
0:2324 0:4130 0:1132 0:2279 0 0 0 1 0 0 0 0
0:3218 0:1119 0:3747 0:1903 0 0 0 1 0 0 0 0
0:2754 0:0412 0:1549 0:2647 0 0 0 0 1 0 0 0
0:2754 0:0412 0:1549 0:2647 0 0 0 0 1 0 0 0
0:0633 0:3926 0:0928 0:0694 0 0 0 0 0 1 0 0
0:0633 0:3926 0:0928 0:0694 0 0 0 0 0 1 0 0
0:0261 0:0916 0:3951 0:1070 0 0 0 0 0 0 1 0
0:0261 0:0916 0:3951 0:1070 0 0 0 0 0 0 1 0
0:2957 0:0204 0:0204 0:2973 0 0 0 0 0 0 0 1
0:2957 0:0204 0:0204 0:2973 0 0 0 0 0 0 0 1
2
66666666666666666666666666666666666666666666664
3
77777777777777777777777777777777777777777777775
ð2112Þ
c1
c2
c3
c4
q1
q2
q3
q4
q5
q6
q7
q8
8>>>>>>>>>>>>><
>>>>>>>>>>>>>:
9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;
ð121Þ
¼ 0 ð36Þ Step 9: Deﬁne f by Eq. (25).
4. Numerical examples
Numerical examples are presented for several tensegrity grid
structures with and without supports using Matlab Version 7.4
(R2007a) (Yang et al., 2005). Based on the procedure developed,
initial self-stress force vector f in which the exostresses are takeninto account can be obtained for any speciﬁc geometry of the
tensegrity grid structure.
4.1. Two-dimensional tensegrity grid structures
4.1.1. Free-standing modular tensegrity beam
The free-standing four-module Snelson’s X tensegrity beam
(Fig. 1a, but without any support) is investigated. Four indepen-
dent self-stress modes q1–q4 are deﬁned from the SVD of the equi-
librium matrix A. However, they cannot be employed directly
because they do not satisfy the unilateral behavior of elements
as mentioned in Section 3.1. Table 3 generally shows a relationship
between the number of member groups (h) and the dimension of
the null space of S ðnSÞ in the beam. For h = 2, all cables and struts
belong to their own group, respectively. For all the other cases
2 < h 6 17 (note that h 6 b  s = 17 as mentioned in Eq. (22)), the
members are grouped based on the symmetry of the beam. Also
from Table 3, it can be seen that the single integral feasible self-
stress mode exists ðnS ¼ 1Þ if the number of member groups is be-
tween three and eight. That is, if the structure is divided into 3, 4, 5,
6, 7 or 8 groups, it satisﬁes not only the self-equilibrium but also
the unilateral behavior of elements.
According to the symmetry of the beam, the members can be
appropriately divided into eight groups (h = 8) as listed in Table
4. Hence, the vector of the coefﬁcients of four independent self-
stress modes and force densities of eight groups c can be obtained
from Eq. (19) by using the SVD of S (Eq. (23)) as followsEq. (36) yields a single solution since the dimension of the null
space of matrix S equals to one ðnS ¼ 1Þ:
c ¼ f0:6339; 0:5241; 0:1973; 0:1275; 0:1562; 0:1562;
0:1562; 0:3123; 0:1562; 0:1562; 0:1562; 0:1562gT
ð37Þ
The coefﬁcient vector c is obtained by extracting the ﬁrst four com-
ponents of c, and its remaining components are the force density
Table 4
Single integral feasible self-stress mode of the 2-D free-standing four-module
Snelson’s X tensegrity beam.
Member group Member qh fh
1 1, 2, 5, 6 1.0 100.0
2 3, 4, 7, 8 1.0 100.0
3 9, 10 1.0 50.0
4 11, 12, 13 2.0 100.0
5 14, 15 1.0 111.803
6 16, 17 1.0 111.803
7 18, 19 1.0 111.803
8 20, 21 1.0 111.803
Table 3
A relationship between the number of member groups (h) and the dimension of null space of SðnSÞ in the 2-D free-standing four-module Snelson’s X tensegrity beam.
No. of member group, h 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
nS 0 1 1 1 1 1 1 2 2 2 2 2 2 2 3 4
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(force density of each member group) normalized with respect to
the force density coefﬁcient of member group 7 and its correspond-
ing initial force mode fh (initial force of each member group) are
presented in Table 4. It is also the single integral feasible self-stress
mode of the tensegrity grid since it satisﬁes the condition of cables
in tension and struts in compression. The structure has no inﬁnites-
imal mechanism (m = 0) when its three rigid-body motions are con-
strained indicating it is statically indeterminate and kinematically
determinate (Pellegrino and Calladine, 1986). Eq. (29) is fulﬁlled:
the rank of the geometry matrix G is three (rG = 3); the required(c
(b
(a
Fig. 3. (a) The two-dimensional four-module Snelson’s X tensegrity beam with the static
in x-direction, (b) its free body diagram, (c) its equivalent free-standing self-stressed s
supports.rank deﬁciency of the force density matrix D is three (n  rD = 3);
and D is positive semi-deﬁnite. Accordingly, the structure is cer-
tainly super stable regardless of materials and prestress levels as gi-
ven in Eq. (29).
4.1.2. Modular tensegrity beams with the exostresses caused by the
statically indeterminate foundation constraints
Example 1. The free-standing four-module Snelson’X tensegrity
beam is now supported by two rollers and two hinges as shown in
Fig. 3a. All the foundation constraints of the system are six, which
is the case of the statically indeterminate supports. Fig. 3b shows
its free body diagram in which six components of the reaction
forces (i.e., two couples Rx1 and Rx2 in x-direction and two
components Ry1 and Ry2 in y-direction) are utilized to remove all
the foundation constraints in the absence of external loads and
self-weight. However, it is easy to prove that both Ry1 and Ry2
become zero based on the equilibrium of the system. Accordingly,
only the two couples of symmetric possible nonzero unknown
reaction forces Rx1 and Rx2 can cause the exostresses in x-direction.
Substituting these two couples with two dummy elements 22 and
23 in that direction, respectively, the tensegrity beam system can
be transformed into the equivalent free-standing self-stressed)
)
)
ally indeterminate foundation constraints causing the exostresses to some members
tructure with dummy elements 22 and 23 to remove the statically indeterminate
Table 6
Single integral feasible self-stress mode of the 2-D four-module Snelson’s X tensegrity
beam with four hinge supports in Fig. 1a.
Member group Member qh fh
1 1, 2, 5, 6 5.0 500.0
2 3, 4, 7, 8 5.0 500.0
3 9, 10 2.0 100.0
4 11, 12, 13 2.0 100.0
5 14, 15 1.0 111.803
6 16, 17 1.0 111.803
7 18, 19 1.0 111.803
8 20, 21 1.0 111.803
9 22, 23 (dummy elements) 1.0 400.0
10 24, 25 (dummy elements) 1.0 50.0
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stress design using the proposed method, the dummy elements
will be removed to transform the four nodes 7–10 back to the
supports. Six independent self-stress modes q1–q6 are available
from the SVD of the equilibriummatrix A; the four modes are from
the four corresponding independent modules, and the others are
caused by the statically indeterminate supports. Based on the
symmetry of the equivalent free-standing self-stressed system, the
members can be appropriately divided into nine groups (h = 9).
Member groups 1–8 like those of previous example, while member
group 9 consists of dummy elements 22 and 23. By this division of
member groups, the dimension of the null space of matrix S is one
ðnS ¼ 1Þ. The obtained force densities of member groups 1–8 are
the same with those of the free-standing case, while that of
member group 9 is almost zero (q9 = 0). It implies that the two
couples Rx1 and Rx2 are all zero. That is, the statically indeterminate
supports still have no effect to the initial force mode of the
structure with such symmetric properties.
On the other hand, if the linear relation between member
groups 8 and 9 is imposed as q8 = q9, the obtained coefﬁcient vector
of six independent self-stress modes is:
c ¼ f0:0888; 0:6667; 0:4997; 0:2315; 0:1311; 0:1365gT
ð38Þ
The single integral feasible self-stress mode (normalized with re-
spect to the force density coefﬁcient of member group 7) and its
corresponding initial force mode are presented in Table 5. From Ta-
bles 4 and 5, it can be seen that two exostress modes derived from
statically indeterminate foundation constraints in x-direction only
affect the horizontal cables in member groups 1 and 2 in the same
direction. The internal force increment in cables of member group 1
or 2 equals to the internal force in each dummy element in absolute
value. It is interesting to note that the internal forces of the other
member groups are not affected under the impact of statically inde-
terminate supports.
Example 2. The foundation constraints of the four-module
tensegrity beam are all assumed to be hinged as shown in
Fig. 1a. By connecting the supports as mentioned in Section 2.3
with dummy elements 22, 23, 24 and 25, the conﬁguration of the
equivalent free-standing self-stressed structure is described in
Fig. 1c. Applying the SVD on the equilibrium matrix A reveals that
there are eight independent self-stress modes q1–q8, and four are
caused by the statically indeterminate supports. In order to get
nS ¼ 1, the members can now be appropriately divided into ten
groups (h = 10) as listed in Table 6. Similarly, if there is no linear
relation on force densities among any member groups, the same
results are obtained as those of its free-standing case for member
groups 1–8. And the obtained force densities of member groups 9
and 10 of dummy elements are identically zero (q9 = q10 = 0). That
is, the structure’s initial single integral feasible self-stress mode is
still not affected by the statically indeterminate supports.Table 5
Single integral feasible self-stress mode of the 2-D four-module Snelson’s X tensegrity
beam with two roller and two hinge supports in Fig. 3a.
Member group Member qh fh
1 1, 2, 5, 6 5.0 500.0
2 3, 4, 7, 8 5.0 500.0
3 9, 10 1.0 50.0
4 11, 12, 13 2.0 100.0
5 14, 15 1.0 111.803
6 16, 17 1.0 111.803
7 18, 19 1.0 111.803
8 20, 21 1.0 111.803
9 22, 23 (dummy elements) 1.0 400.0However, if the linear relations among member groups 8, 9 and
10 are imposed as q8 = q9 = q10, and the obtained coefﬁcient vector
of eight independent self-stress modes is:
c ¼ f0:4532;0:0140;0:4765;0:4769;0:2785;0:2090;0:0849;0:0245gT
ð39Þ
The single integral feasible self-stress mode (normalized with re-
spect to the force density coefﬁcient of member group 7) and its
corresponding initial force mode are presented in Table 6. From Ta-
bles 4 and 6, it is obvious that two exostress modes derived from
statically indeterminate foundation constraints in x-direction only
strengthen the horizontal cables in member groups 1 and 2 in the
same direction. Similarly, two other ones derived from statically
indeterminate foundation constraints in y-direction only reinforce
the vertical cables in member group 3 in that direction. The internal
force increment in cables of member group 1 or 2 equals to the
internal force in each dummy element in that direction in absolute
value. This phenomenon also happens to cables in member group 3.
The internal forces of the other member groups are not affected un-
der the impact of statically indeterminate supports.4.2. Three-dimensional tensegrity grid structures
4.2.1. Free-standing double layer tensegrity grid
Consider a free-standing tensegrity grid assembled from 20
(5  4) quadruplex modules (Fig. 4) which consists of 79 nodes,
80 struts and 209 cables as described in Fig. 5, but without any
support. There exist 59 independent self-stress modes (q1–q59)
from the SVD of the equilibrium matrix A. However, it is unable
to choose feasible self-stress modes directly because they do not
conform to the unilateral behavior of elements. According to the
symmetry of the grid, the members can be properly divided into
seven groups (h = 7) as shown in Table 8 for the purpose of obtain-
ing unique nontrivial solution. By imposing the constraint in which
members in the same group have the same force density (i.e., sym-
metric properties), the unique vector of the coefﬁcients of 59 inde-
pendent self-stress modes and force densities of seven groups c can
be obtained by the SVD of Smatrix. The obtained coefﬁcient vector
of 59 self-stress modes c extracting from c is shown in Table 7. The
single integral feasible self-stress mode (normalized with respect
to the force density of group 1) and its corresponding initial force
mode are listed in Table 8.
The structure has only one inﬁnitesimal mechanism (m = 1)
when its six rigid-body motions are constrained indicating it is
statically and kinematically indeterminate. Eq. (29) is satisﬁed:
the rank of the geometry matrix G equals to six (rG = 6); the re-
quired rank deﬁciency of the force density matrix D is four
(n  rD = 4); and D is positive semi-deﬁnite. Hence, the structure
is certainly super stable regardless of materials and prestress lev-
els. It is clear that the introduction of single integral feasible pre-
(a) (b)
Fig. 4. A unit quadruplex module: (a) Perspective view and (b) top view.
Fig. 5. The three-dimensional 20 (5  4) quadruplex module tensegrity grid with the statically indeterminate foundation constraints causing the exostresses to some
members in y-direction.
Table 7
Coefﬁcient vector of 59 independent self-stress modes of the 3-D free-standing 20 module quadruplex tensegrity grid.
c1 0.1866 c11 0.0493 c21 0.1174 c31 0.1420 c41 0.0363 c51 0.1267
c2 0.1468 c12 0.1958 c22 0.0138 c32 0.0233 c42 0.0168 c52 0.1137
c3 0.2123 c13 0.0036 c23 0.0844 c33 0.0620 c43 0.0695 c53 0.0131
c4 0.3480 c14 0.1500 c24 0.0863 c34 0.1549 c44 0.1796 c54 0.0247
c5 0.0071 c15 0.1168 c25 0.0103 c35 0.0001 c45 0.0736 c55 0.1444
c6 0.2372 c16 0.0410 c26 0.1619 c36 0.0723 c46 0.0904 c56 0.0459
c7 0.1543 c17 0.1781 c27 0.1556 c37 0.1712 c47 0.0030 c57 0.0603
c8 0.1080 c18 0.0754 c28 0.1003 c38 0.0971 c48 0.1859 c58 0.0510
c9 0.1864 c19 0.0527 c29 0.0641 c39 0.2677 c49 0.1393 c59 0.2725
c10 0.0592 c20 0.0053 c30 0.0151 c40 0. 0380 c50 0.1028
Table 8
Single integral feasible self-stress mode of the 3-D free-standing 20 module
quadruplex tensegrity grid.
Member group Member qh fh
1 1–10 1.0 100.0
2 11–18 1.0 100.0
3 19–33 2.0 200.0
4 34–49 2.0 200.0
5 50–129 2.0 141.421
6 130–209 2.0 128.062
7 210–289 2.0 237.487
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stable.
4.2.2. Double layer tensegrity grid with exostresses caused by the
statically indeterminate foundation constraints
This free-standing double layer tensegrity grid is now sup-
ported as shown in Fig. 5. All the foundation constraints of the sys-
tem are 25, which is the case of the statically indeterminate
supports. In order to account for the impact of statically indetermi-
nate supports to the self-stress modes of the system, the six
couples of supports are all converted into the free nodes by using
(a)
(b)
Fig. 6. The equivalent free-standing self-stressed structure of the three-dimensional 20 (5  4) quadruplex module tensegrity grid: (a) Perspective view and (b) top view.
Table 9
Coefﬁcient vector of 65 independent self-stress modes of the 3-D 20 module quadruplex tensegrity grid with the statically indeterminate supports.
c1 0.1496 c12 0.0071 c23 0.1176 c34 0.0919 c45 0.0965 c56 0.0782
c2 0.0092 c13 0.2359 c24 0.1109 c35 0.1089 c46 0.1498 c57 0.0827
c3 0.0075 c14 0.0318 c25 0.1049 c36 0.0344 c47 0.1062 c58 0.1264
c4 0.0135 c15 0.1443 c26 0.0080 c37 0.0620 c48 0.0905 c59 0.0831
c5 0.1709 c16 0.1093 c27 0.0856 c38 0.1474 c49 0.0908 c60 0.0589
c6 0.1102 c17 0.0954 c28 0.0356 c39 0.1671 c50 0.1772 c61 0.0058
c7 0.0265 c18 0.1713 c29 0.0816 c40 0.0670 c51 0.0848 c62 0.2869
c8 0.0257 c19 0.1792 c30 0.0887 c41 0.1227 c52 0.0437 c63 0.0497
c9 0.0779 c20 0.1059 c31 0.0720 c42 0.2463 c53 0.0260 c64 0.0313
c10 0.0528 c21 0.1215 c32 0.0707 c43 0.0562 c54 0.1561 c65 0.3526
c11 0.0198 c22 0.0382 c33 0.0287 c44 0.2217 c55 0.1288
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Table 10
Single integral feasible self-stress mode of the 3-D 20 module quadruplex tensegrity
grid with the statically indeterminate supports.
Member group Member qh fh
1 1–10 1.0 100.0
2 11–18 17.0 1700.0
3 19–33 2.0 200.0
4 34–49 18.0 1800.0
5 50–129 2.0 141.421
6 130–209 2.0 128.062
7 210–289 2.0 237.487
8 290–295 (dummy elements) 4.0 1600.0
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The conﬁguration of the equivalent free-standing self-stressed
structure is described in Fig. 6. Sixty-ﬁve independent self-stress
modes q1–q65 are available from the SVD of the equilibriummatrix
A; the 59 modes are from the structure itself; and the others are
caused by the statically indeterminate supports.
The members of the equivalent model can be pertinently di-
vided into eight groups (h = 8) as shown in Table 10. Similarly, to
investigate the effect of statically indeterminate supports on the
system, the linear relation on force densities between member
groups 7 and 8 is introduced as q8 = 2q7. The vector of the coefﬁ-
cients of 65 independent self-stress modes and force densities of
eight groups c can be obtained by the SVD of S matrix. The ob-
tained coefﬁcient vector of 65 self-stress modes c extracting from
c is shown in Table 9. The single integral feasible self-stress mode
(normalized with respect to the force density of group 1) and its
corresponding initial force mode are listed in Table 10. From Tables
8 and 10, it can be seen that the same phenomena as mentioned in
the Example 1 of Section 4.1.2 occur.
For each example given above, the design error  is within 1012
and 1015 by using Eq. (35), which conﬁrms the accuracy of the
proposed method.
5. Concluding remarks
A complete procedure for initial single integral feasible self-
stress design of tensegrity grid structures with the exostresses in-
duced by statically indeterminate foundation constraints is pre-
sented by consecutively solving two linear homogeneous
systems. The ﬁrst one is self-equilibrium, and the other is a combi-
nation of the multiple independent self-stress modes and con-
straints on force densities which are derived from symmetric
properties of tensegrity grid structures and/or directly assigned
by designers. Dummy elements to transform the tensegrity grid
structure with statically indeterminate supports into self-stressed
pin-jointed system without supports are employed. The unilateral
properties of the stresses in cables and struts are automatically sat-
isﬁed. An explanation on appropriate division of the number of
member groups is given for the purpose of existence of single inte-
gral feasible self-stress mode. The evaluation of the stability for
tensegrity grid structures is also taken into account. In the numer-
ical examples, very good results of the proposed method have been
shown for two- and three-dimensional tensegrity grid structures.
As a natural extension of this research, optimal initial self-stress
design awaits further attention.
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